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Relationship Between Static, Flight, and Simulated
Flight Jet Noise Measurements

R. S. McGowan* and R. S. Larsonf
Pratt & Whitney Aircraft Group, East Hartford, Connecticut

Jet noise data are acquired in three different forms: static, flight, and simulated forward flight. Often data
must be transformed from one type to one of the other two. A number of studies exist defining the relationship
between these three types of measurements. These studies are deficient because they do not explicitly consider
the jet noise source characteristics or do not clearly distinguish between mean square pressure, power spectral
density, and one-third octave band sound pressure level measurements. In the current study, the relationships
between static, subsonic flight, and subsonic simulated forward flight one-third octave band sound pressure

level measurements were defined.

I. Introduction

ET noise data are acquired in three different forms: static

data (Fig. 1) obtained from a model nozzle or full-scale
engine operated in a quiescent atmosphere; flight data (Fig. 2)
acquired from a full-scale engine in flight; and simulated
forward flight data (Fig. 3) obtained from a model nozzle
placed in a larger nozzle flow that simulates the effect of
flight. Often data acquired in one manner must be trans-
formed to one of the other two situations. For example, static
or simulated forward flight data are often transformed to
flyover data, after an appropriate extrapolation. Therefore,
differences between these situations must be defined.

The current literature contains numerous studies of the
prediction of flyover noise measurements from static
measurements, including studies by Cocking,! Morfey,? and
Crighton.> However, these studies lack clarity because they
use calculations based on nonaerodynamic noise sources (Ref.
3, for example) or they do not clearly distinguish between
mean square pressure, power spectral density, or one-third
octave band sound pressure level measurements (Refs. 1, 2,
and 4, for example). The current study was undertaken to
clarify the relationship of the three types of one-third octave
band sound pressure level measurements using Lighthill’s®
formulation of the jet noise generation process. In the next
section, Lighthill’s analysis of the static case is outlined,
Ffowcs William’s® and Ribner’s’ analysis of the subsonic
flight case is outlined, and the analysis of the subsonic
simulated flight case is presented. The three analyses are
compared in Sec. III and the Michalke and Michel* results are
compared to the current study. Conclusions are contained in
Sec. IV.

H. Analysis

Static Jet Noise

In the classic paper by Lighthyill,5 the nose radiated from
the turbulence generated in the exhaust plume of an engine is
given by

1 92 d3y
(p—po){x,t}—wc5 ga“xian Tij(y’Ty) Ix_yl (1)

where p—p, is the density fluctuation, p, and ¢, the ambient
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air density and speed of sound, respectively, x the observation
point, and y the source integration variable. The quantity T};
is the stress tensor approximated by T;=pqu;u;, where u;,
i=1,2,3 are the turbulence velocity components; the quantity
7, is given by

1,=t—(1/c,) lx~yl @

The spatial derivatives in Eq. (1) can be converted to time
derivatives using Eq. (2) yielding the equation

3

1 ar, o1, 3 dy
(p—po) (1,1} = § 2 2

= —T:: (y, —
47"(,'(4; 3x,- axj aTi U(y Ty) lx_y'

The solution desired is an expression for the mean square
pressure, which can be obtained by squaring Eq. (3) and time
averaging the result. The dynamics of the solution associated
with the convection velocity of the source can be defined by
transforming the resulting integrals to a coordinate frame
fixed with respect to the convecting turbulence. The procedure
for doing this will be outlined for comparison with similar
steps in the next two sections.

The acoustic autocorrelation is defined by, if the turbulence
is stationary,

P2,y =ci{(p—pp) Xt} (p—py) {X0+T*})

1 s‘ d’y S d*z 9r, a7, 97, ar,

N I167?cy J lx—yl ) lx—z| ax; ax; dx, Ox,
az 32
—-TS £ — T3 oy >
x<81ﬁ ”(yTy)arfT""(ZTz) 4

where 7, =7+ 71" — Ix—2zl/c,, the autocorrelation time delay
is 7%, and the subscript s was used to indicate the static
solution. Assuming that the turbulence is stationary, one may
write

Ty (1)) 3Ty (2,7,) 34
< 67.5 an > - 61*4 Rijkl’ (.V,A, T)

where
Ry =<T; (3,7,) T (2,7,) )

Ix—yl—Ix—2zl
'r=Tz“Ty='r*+———y s &)
0

and
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Fig. 1 Geometry in a static jet noise test.
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Fig.2 Geometry in a flight jet noise test.

In the far field, Eq. (4) becomes

1 d’y ar, dr, 97, a7
)Yy =—_ "~ \_ 7 \PA X ¥ Tz
Pi(x) 167°¢§ S ix—yl? S dx; dx; dx, Ax,
64
X3 Rt (3,A,7) ©)

As stated earlier, to fully illustrate the effects of the tur-
bulence convection on the acoustic autocorrelation, the in-
tegration in Eq. (6) is now transformed to an integration in a
frame of reference moving at the turbulence convection
velocity. Let

A=A+V . 7=A+M_cy7 Q)

where V. is the turbulence convection velocity and M, is the
convection Mach number, referenced to the ambient speed of
sound and measured with respect to a nozzle-fixed coordinate
frame. Equation (4) can now be transformed to define the
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Fig.3 Geometry in a simulated forward flight jet noise test.

dynamic effects of the turbulence convection velocity on the
far-field noise directivity. Assuming that the turbulence
correlation lengths are small with respect to the distance from
the source to the observer,

a7, 07 1 x;—y;
SA=d3 - il il B e LA
d d*N/ (1 —-M_ cos8), ax, ax, A )

and

a
Py (A7)

d
—R.. ’A) [
ikt (24.7) I—M_cosh a7

a7

where Py, is the representation of R, in the A coordinate
frame. Thus, Eq. (4) becomes

1 S d’y o (x,3,7)

2 * =
BT = 1t Ve y 1?7 (1= M.cos6)°

®

where

(i =) (X =) (X = Vi) (Xe—Y9)
lx—ypl :

& (xy,7) =

84
x Sdeg;;PW A7)

and the notation s indicates the static solution. The
relationship between rand 7* can be determined from Egs. (5)
and (7). That is, in the far field and for a localized region of
turbulence, 7=7*/(1 — M_cos8) +0(\/cy) -

Equation (9) can be used to define the static power spectral
density, {p?(x,w) ), from which, in turn, the one-third octave
band sound pressure level, SPL (x,») can be obtained. The
one-third octave band sound pressure level is the quantity
usually measured in static and flight tests and the results
derived here will be used in Sec. III to derive in detail the
relationship between static, flight, and simulated forward
flight one-third octave band sound pressure level
measurements. The first step is to derive an expression for the
power spectral density, which is obtained by taking the
Fourier transform in Eq. (9). The resuit is
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2(x, - S 4 _. lx=y.
P5(%0)) 167%c§ ) ix—y12 (I—M,cosf)’ 27 = co
% SdT* &t Q(x,,7) = 1 S &y 1 In Eq. (12) the subscript e denotes the retarded coordinate
> 167°¢§ J ix—yl? (I—M_,cosf)’ system, y, is the position of the source turbulence at the time
of sound emission, and the superscript f on T; is used to
- iy _ 1 indicate that the source function in flight will differ from that
X SdT e Sd'yQ(X,y,V)e ~ 16778 in the static case. Figure 2 illustrates the emission coordinate

3
S d’y 1 w(1—M_,cos8)1 (10)

5
x’ >
= yl? (I—M.cost)? 2 1B
where

(=) (X —9;) (X =i) (5 —yp)
lx—yl4

QS [X;)’,w(]—'MCCOSB)] =

X Sd3)\w“ (1 —M.cos0)* Py [y, A w (1 — M_cos6)]

Equation (10) demonstrates that the static autocorrelation
function consists of dynamic effects of the form (1-
M_cosf) ~* associated with the motion of the turbulence and
source effects associated with the integration of the source
term Q° in a frame of reference moving at the turbulence
convection velocity. A similar interpretation exists for the
flight and simulated forward flight solutions that will be
derived in subsequent sections.

The one-third octave band SPL can now be defined from
the power spectral density. Let w,; be the ith center frequency
with upper and lower frequency limits w,;, and w,, respec-
tively. Then

SPL, (x,0,,) =1010g§ (P2 () ydw
wL,

= 10log[{p3 (x,0;,) Y Aw]

where Aw; =w,; —wy;. Then using the equation for the power
spectral density,

SPL (x,0,) =10lo [ S = :
s (X5 0g; ) = g 167%c§ ) Ix—yl? (1—M._cosh)?
xQS(x,y,wci(I—Mccoso))] an
where

Oy, (1 —Mcos6)]
=wy, (1—M,cos0) O°[x,y, 0, (1 — M_cos6)]

Equation (11) demonstrates that the sound measured at
frequency w,, is related to the frequency w,(1 —M_ cosf) in
the turbulence-fixed frame of reference.

Subsonic Flight Jet Noise

Ffowcs Williams® and Ribner” have derived an expression
analogous to Eq. (11) for an aircraft in subsonic flight with
Mach number M,, referenced with respect to the ambient
speed of sound. For a source moving from right to left, with
M, parallel to M., as illustrated in Fig. 2, and referenced with
respect to a nozzle-fixed coordinate frame, Eq. (1) is replaced
by (see Ref. 8 for a definition of the appropriate Green’s
function)

1 d? 92
(0—po) (X1} = S Y

o Tmm(yﬂy) (12)

o= Ix—y, 1 ({1+Mg,cos6,)

system. The relationship between the angle of the aircraft
when the sound is received 6 and the emission angle 6, is

tanf =sinf,/ (cosf, — M) (13)

The transformations analogous to those in the preceding
section [i.e., Eq. (8)] will be repeated. Using the trans-
formation to the A coordinate system, as in Eq. (8), and
modifying Eq. (7) to A=A+ (M, +M,) 7c,, where from Fig.
2, M. +M,=(M.—M,)x,, one obtains
or, _ 01, I Xi—yu 1
¢ Ix—y,| I+Mj,cosh,

ox; 0x;
FA=d*N1+Mycosb, ) /[ 1+ (M,—M,)cosb,]
and

1+ Mcosl, 0
1+ (My—M_)cos8, a7

F)
— Rl (1, A7) =

ar P{;‘ki (y’)\’T)

The autocorrelation function, calculated using Eq. (12) and
following the same procedure outlined in the preceding
section, is

S &’y 1
1672c§ J Ix—y12 I+ Mj,cosd,

PHx ) =

1
X
[1+ (My—M_)cosh, 1’

% (x; = Yei) (X; ~Yei) (X = Yer) (Xp=Yer)
Ix—yl4

a4
x §d3x31—4P,f,k[ (A7) (14)

where the notation f denotes the flight solution, and (x; —
Yei)/ Ix—y,| are the measurement cosines referenced with
respect to the acoustic emission angles. The ¢ dependence has
been included in (P%(x,1,7*)) because the source motion in a
flyover test does not produce statistically stationary noise for
the ground observer. The relationship between 7 and 7* is
r=1*/[14+ (My;—M_)cosb,] +0(\/c,), which (as proved in
the preceding section) implies a doppler shift in the frequency
of the far-field noise with respect to the generating turbulence
of [1+(M,~M_)cosf,]*.

If the flight data are ensemble averaged to remove the
nonstationary character of the data, the procedure for
calculating one-third octave band sound pressure level
described in the preceding section can be used. Equation (14)
implies that

d3y

1
PL, (x,0, ) = 0l {—S-—
SPLy (*,0q,) 8 167°¢§ ) 1x—y, 12

O (x,ye,0 [ 1+ (My—M,)cosb,]) }

X 15

(1+Mycosh,) [ 1+ (My,—M_,)cosd, ]’ (13)
where Qf(x,'ye,wc,.[l + (M, —M_)cosb,]) is given by Eq. (11)
with suitable replacement of y by y,, (1—M._.cosf) by
[1+ (M, —M_)cosb,], and the superscript s by the superscript
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In the analysis to this point, the Lighthill source term has
been used to develop the static and flight solutions. This
source term was chosen because of its simplicity and because
the focus of the current study is on the relationship of acoustic
autocorrelations, one-third octave SPL, and (in Sec. III)
overall sound pressure level (OASPL) in different static/flight
environments. Other source terms could also be used, such as
those of Michalke and Michel,* who developed an acoustic
formulation including temperature effects and assumptions
regarding the stretching of a jet in an external flow. The
source term Q, in Eq. (15) is identical to the first term in Eq.
(2.4) of their paper. The difference between the current study
and Michalke and Michel’s work is that their paper focused
on the generalization of the source term, while the current
study focuses on the dynamic transformation between the
static and flight conditions.

Subsonic Forward Flight Simulation

In this section, the subsonic flight simulation solution
analogous to Eqgs. (11) and (15) ‘is derived. The relevant
geometry for a forward flight simulation is illustrated in Fig.
3. The jet exhaust nozzle is placed in a flow from left to right
at a Mach number M, equal to the desired flight Mach
number and parallel to the turbulence convection velocity M,
measured with respect to a nozzle-fixed coordinate system.

Figure 3 illustrates the relevant geometry for a simulated
forward flight test in which the noise measurements are
obtained in a wind tunnel mean flow. Often, however, the
effect of the mean flow is simulated in a free-jet wind tunnel
in which the noise measurements are separated from the noise
generation region by a free-jet shear layer. As discussed in
Ref. 9, a theoretical shear layer correction can be used to
remove the refraction effect of the shear layer and the noise
measurements then become equivalent to those obtained in a
uniform mean flow.

From Refs. 10 and 11, the wave equation for aerodynamic
sound generation in a medium with a uniform mean flow is,
if the turbulence Mach number is small and the noise
generated by turbulence is greater than the noise generated by
entropy gradients in the turbulent flow,

1 D? FTY
v2———> =i 16
( ¢ D 0x;0x; (16)
where
D 9 9
.#_=__+M -
Dt a1 %%,

and the superscript sf on T;; indicates that T is to be
evaluated in a simulated forward flight test.
The solution to Eq. (16) is then

1 Sdfy PTH (3,7,)

(P—Po)'{x,t}=47rc(2) . ax;9x, an

where
o= lx—y, 1 (I+Mycosb,)

and the relationship between the apparent source coordinate
system Ix—yp,| and actual coordinate system Ix—yi,
illustrated in Fig. 3, is given by the same formula as in Eq.
(13) and

lx—y,I
t____'lie_
Co

T, =
Equation (17) can be used to calculate the mean square
pressure in a simulated flight test using the same method
developed in the preceding sections. In a simulated forward
flight test, however, the relationship between the A and A
coordinate systems is given by A=A+4cyM,r. Then the
transformations analogous to those in Eq. (8) are
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dr, 91, 1 X;=yg 1

ax;  dx; ¢y lx=y.t I+Mjycosh,

FA=dN(I+Mpycosh,)/[1+ (My—M,)cosd,] (18)

and
1+ Mycost, ad

9
— R, (1,A,7) = —
e AT = My cosh, 07

or

Py (3 A7)
Then the autocorrelation function calculated using Eqgs. (17)
and (18) is given by

Fe
167%¢ J Ix—y, 12

Py (x, 7)) =

(X = Yei) (X = Yo; ) (X~ Vi) (Xg— Yer)

+
Ix—y ¥ (1+M,cosb,)
X 1 de)\a—"ny AT 19)
[1+ (M, —M,)cosb, ]’ o977 Lo (BAT (

where the notation sf was used to denote the simulated for-
ward flight solution. The relationship between 7 and 7* is
T=7*(1 + Myc0s6,) /11 + (My — M) cosb,] +0(N/cy), which
implies a doppler shift of (1+Mj,cosb,)/[1+(M,—M.)
cosf,] from the turbulence-fixed frame to the observer-fixed
frame.

Using the procedure defined in the section summarizing the
analysis of static jet noise, the one-third octave band SPL can
be calculated using Eq. (19). The result is

S d?y 1
167%c§ J Ix—y,1? 1+ Mjcosb,

SPL(x, @, )= IOIOg{

1
X
{1+ (My—M_)cosh,]’

1+ (My—M,)cosf, ]} (20)

x Q¥ [x, W,
Q7 [Byew 1+ Mjcosb,

where O is given by Eq. (11) with suitable replacement of y

by y,, (1 - M. cos8)w, by [1 +(My—M,)cosb,Jw., /(1 + M,

cosf,), and the superscript s by the superscript sf.

1. Comparison of Solutions

The three possible transformations of jet noise data are
presented below based on a comparison of Egs. (11), (15), and
(20).

1) Static to flight. The procedure for a prediction of the
flyover one-third octave band sound pressure level from static
measurements can be obtained from Eqs. (11) and (15). If
static measurements at 6, are compared with flight
measurements at 8, where the relationship between 6 and 0, is
given by Eq. (13), then in the far field,

. 1+ (M, — M, )cosh
SPL, (x,0,0,) =SPL, (x,ee,wci (Mo )COS")

I—-M_ cosb,

I—-M.cosb, )5 1
I+ (My—M_)cosf,/ 1+M,cosl,

+ I0log (

7y (X, 0 [ 1+ (My—M,)cos0, ]}
YO (xpe 0,11+ (Mg —M_)cosb, ]}

@n

In deriving this result it is assumed that, in spite of the source
motion with respect to the observer in a flight test, the
measured noise will be statistically stationary. This assump-
tion can be realized experimentally by ensemble-averaging
noise measurements from multiple microphones in a flyover
test.
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2) Static to simulated forward flight. The procedure for
prediction of simulated forward flight measurements from
static measurements can be obtained from Egs. (11) and (20).
If static measurements at §, are compared with simulated
forward flight measurements at 6, then

1+ (My—M,)cosh
SPLSf(x,(),wci)=SPLS(x,0e, (M — M. )cosbe )

“a"(1+ Mycosh,) (1—M,cos8,)

1—M_cosb, )5 1

101 (
00 \ T (M, =M, ) cos, / T+ M,cosh,

Sd3stf (x’ye’wc_1+ (My—M_)cost, )
! 1+ Mjcosb,
X (22)

- 1+ (My—M,_)cosd
d*y0Os (x, LW, £ e)
S Y\ pervg 1+ M cosb,

3) Simulated forward flight to flight. The procedure for
prediction of flight measurements from simulated forward
flight measurements can be defined from Eqs. (15) and (20).
If flight and simulated forward flight measurements are
compared at the same angle, then

SPL; (x,8,e,,) =SPLy/ [%,6,00,, (1+Mocosf, ) ]

§&2y0 (X, 0, [1+ (My—M,)cosb, 1)
§d3yQSf(x’ye:wCi [I+ (MO —Mc)Cosee] )

+ IOIOg{ } (23)

If the volume integrals in Eqgs. (21-23) are known, then the
transformations between the three types of measurements are
well defined. Measurement of the turbulence properties of a
jet allow the integrals to be evaluated. A crude example of this
is found in Ref. 12, in which the ratio in Eq. (22) was
measured experimentally and found to be approximated by

- 1+ (My—M,)cosb
[0 (e, PTG )
0T =(1-m)>SNI+m
~ 1+ (M,—M_)cost
d3 s< Yer@e, 3 e)
S A 1+ Mcos,

where m is the ratio of the flight to turbulence convection
velocity.

In many studies it has been assumed that the flight and
simulated flight volume integrals are identical, in which case
the relationship between the flight and simulated forward
flight SPL measurements is very simple, requiring only a
doppler shift in frequency of the form (1 + Mycosf,) ~. The
assumption that the integrals are the same is approximately
true because of the expected similarity of the turbulence
parameters in the two cases. However, in most wind tunnel
forward flight simulations, the initial boundary-layer
thickness at the nozzle exit plane will be substantially different
than the initial boundary thickness in a flight test, and the
assumption is not entirely correct (see Ref. 13).

Equations (22) and (23) can be used to analyze the role of
relative velocity exponents (see Ref. 9, for example) in flyover
noise predictions. Exponents # are calculated from static and
simulated forward flight jet noise data. They are defined by
the formula

OASPL,(x,0) — OASPL, (x,0,) + 10log (1 + M,cos0,)
n=
10log(V;—~ V) / V;

24

where V; is the jet exhaust velocity, OASPL is the overall
sound pressure level, which is obtained from the one-third
octave band sound pressure level by antilogarithmically
summing the SPL levels from 50 to 10,000 Hz, and the
subscripts s and sf indicate the static and simulated forward
flight measurements, respectively. If it is assumed that the
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change in the jet noise level is independent of frequency, then
OASPL (x,6) — OASPL, (x,0,) =SPL (x.0,0,,)

~SPL, (x,6,,0,,)
From this result, Eq. (24) implies that

I—M,cosb S|y QY v_v
IOIOg[( cC0se ) &y ]:101og(’——”)"
1+ (My—M._)cost,/ [d°yQ° V;

Then with the additional assumption that [d3yQY =[d3y(V,
Eq. (21) can be written

1+ (My—M_)cosb, >

SPL(x,6,0,) =SPL; (x, Oes 0, 14+ M,cosb,

Vi=Vo\"
+ 10log <—-— )
Vi
This expression is the basis of most flight jet noise prediction
systems, but, as the preceding analysis indicates, it involves
many assumptions.

IV. Conclusions

The relationships between static, flight, and simulated
forward flight measurements were defined using Lighthill’s
acoustic analogy. The effects of measuring noise in different
reference frames can be divided into two areas: dynamic
effects associated with the source and medium motion, which
are defined by the Green’s functions for the solutions in
different coordinate frames, and source effects arising from
the effect of motion on the noise source. Transformation of
the noise measurements from the static to the flight coor-
dinate frame requires the inclusion of both effects whereas,
under the appropriate conditions, transformation of noise
measurements from the simulated forward flight to the flight
coordinate frame requires only a doppler shift in frequency.
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